This text is a modified version of a chapter in a PhD thesis [26] submitted to Nottingham University in September 2006, which studied an approach to Hilbert's twelfth problem inspired by Manin's proposed theory of Real Multiplication [12] . Following our study in [27] , motivated by the theory of Line Bundles over Complex Tori, we define a non-trivial cohomological notion of Line Bundles over Quantum Tori. We prove a structure theorem for isomorphism classes of such line bundles analogous to the Appel-Humbert Theorem for Complex Tori. In the second half of this text we consider Lines Bundles over Quantum Tori as topological spaces, and compare this notion with the cohomological definition. We define the Chern class of a line bundle and link this to an alternating pairing on a certain subgroup of Quantum Tori. Finally we investigate how our results are related to the study of Quantum Tori by Zilber [28] [29] [30] using Model theoretic techniques.
Introduction
In [12] , Manin proposed a theory of Real Multiplication as a framework for a potential solution to Hilbert's twelfth problem for real quadratic fields -an explicit class field theory for such fields. In [27] , we studied a family of topological spaces Z L called Quantum Tori, which are proposed to play a fundamental role in such a theory.
A Quantum Torus is defined to be the quotient R/L for some pseudolattice (rank two dense subgroup of R), and such objects are expected to play an analogous role in Real Multiplication as elliptic curves do in the theory of Complex Multiplication. This latter theory provides us with a complete solution to Hilbert's twelfth problem for quadratic imaginary fields.
Central to the theory of Complex Multiplication is the existence of meromorphic elliptic 1 functions on the complex plane. The Weierstrass ℘-function is such a function, which provides the isomorphism between Complex Tori C/Λ and elliptic curves, where Λ is a lattice in C. This isomorphism of complex Lie groups forms the basis of the Uniformization Theorem, simplifying many calculations on elliptic curves to calculations on the associated lattices. The importance of this function is further emphasised in the context of the solution of Hilbert's twelfth problem for imaginary quadratic fields, where abelian extensions of the base field are generated over the Hilbert class field by special values of ℘ and its derivative.
We cannot hope for an obvious analogy for Quantum Tori: Proposition 1.1. Let L be a pseudolattice. Then any meromorphic function periodic with respect to L is constant.
Proof. Let f be a meromorphic function such that f (z + l) = f (z) for all z ∈ C, l ∈ L. If f has a pole at z p then the set {z p + l : l ∈ L} has an accumulation point of poles of f , but the condition that f is meromorphic forbids this. Hence f has no poles and is holomorphic. For fixed z 0 ∈ C consider the function f (z) − f (z 0 ). This has an accumulation point of zeros contained within the set {z 0 + l : l ∈ L}. Since f is holomorphic it is therefore constant.
Elliptic functions can be viewed as quotients of theta functions on the Complex Torus -functions satisfying certain periodicity conditions with respect to the lattice Λ. These functions can be viewed as sections of line bundles over complex tori, and due to a theorem of Swan [24] certain classes of these functions characterise line bundles up to isomorphism. It is this observation which motivates the study of line bundles over Quantum Tori, which forms the subject of this text.
In §2 we are concerned with giving a definition of a line bundle over the Quantum Torus that does not yield a trivial theory. We examine how line bundles over complex tori C/Λ have various descriptions in terms of holomorphic functions satisfying the cocycle condition with respect to the lattice Λ. Using these results as a guide we examine the notion of defining holomorphic line bundles over Quantum Tori to be holomorphic functions satisfying the cocycle condition with respect to the pseudolattice, and show that this does indeed yield a nontrivial definition.
In viewing line bundles as cocycles we have a natural definition of what it means for two line bundles to be isomorphic supplied by the theory of cohomology. We say that two line bundles are isomorphic if their image in the associated cohomology group is the same. Section 3 is concerned with proving a structure theorem for the space H 1 (L, H * ) of line bundles over Z L modulo isomorphism. This is an analogous result to the Appel-Humbert Theorem (Theorem 1.5 of [7] ), which proves a similar result for line bundles over Complex Tori. The proof of this result has three main stages.
First we introduce the Chern class of a line bundle, which arises from the connecting map of cohomology. The Chern class of a line bundle is an alternating form on the pseudolattice L which takes values in Z, and is the image of a homomorphism
Sections 3.2 and 3.3 describe the image and kernel of this homomorphism respectively. It is found that Ch is surjective, with kernel isomorphic to Hom(L, U (1)), where U (1) := {z ∈ C * : |z| = 1}. Using these two results we use the snake lemma to show that H 1 (L, H * ) is isomorphic to a certain group P (L) whose elements are pairs (E, χ) where
• E is an integral valued alternating form on L;
• χ : L → U (1) is a semi-character for E -for any l 1 , l 2 ∈ L θ we have χ(l 1 + l 2 ) = χ(l 1 )χ(l 2 )e πiE(l 1 ,l 2 ) .
In §4 we consider the possibility of defining line bundles over Quantum Tori as topological spaces. In order to do this we introduce the Heisenberg group associated to a line bundle over a topological space. The philosophy behind our approach is that line bundles over Quantum Tori Z L should "pull back" to trivial line bundles over R. We define what we mean by a topological line bundle L over the Quantum Torus and show in Lemma 4.10 that this agrees with the algebraic definition in §2. We define a notion of morphisms between topological line bundles, and show that this corresponds to our previous definition of two line bundles being isomorphic in Proposition 4.12. In §4. 4 we introduce the translation of a line bundle L by an element x ∈ Z L , motivated by the topological definition of line bundles we have developed. If f : Z L → Z M is a 1-morphism [27] , given a line bundle L over Z M we define the pullback f * (L) of L with respect to f .
The topological description of line bundles gives rise to an alternating form e L on a certain subgroup K(L) ⊆ Z L for each line bundle L. Section 5 is concerned with describing the relationship between these topological constructions and the algebraic characteristics associated to L, such as its Chern class. The main result of this section is Theorem 5.7 which exhibits a relationship between the subgroup K(L), the alternating pairing e L and the Chern class of a line bundle L. The substance of the proof involves showing that if the Chern class of L is nontrivial, then K(L) is finite. The proof of this result is interesting in its own right, since it shows that line bundles of Quantum Tori can be computed as the "limit" of line bundles over Complex Tori.
The problem of defining line bundles over Quantum and Noncommutative Tori has been studied by many others (Astashkevich, Schwarz [1, 22] , Manin [11] , Polischuck [20, 21] , Zilber). In the final section we examine how the results we have obtained from our methods are related to the approaches of others. The work of Zilber features in our analysis, who has identified a class of structures that represent a variation from the structures arising from the Zariski topology on an algebraic curve. It can be shown that Quantum Tori are definable in such Analytic-Zariski structures, and in §6.1.1 we examine whether it may be possible to define the alternating pairing e L together with the subgroup K(L) in such a structure. From our work in §5 we can show that K(L) is indeed an Analytic-Zariski set, but problems arise in the definability of e L in such a structure.
Finally in §6.2 we discuss a phenomenon which has previously brought the attention of numerous people. From our structure result for H 1 (L, H * ) (Theorem 3.18), we observe that the group of isomorphism classes of line bundles over Quantum Tori is isomorphic to the corresponding group for Complex Tori. This hints at a deep relationship between Quantum and Complex Tori, which has previously been recorded by Nikolaev, Manin and Zilber among others. This notion is further expressed in the proof of Theorem 5.7 which exhibits a close relationship between cocycles defining line bundles over Quantum and Complex Tori. We examine how this is related to the result of Schwarz concerning noncommutative theta functions, and how Zilber's approach openly exhibits a duality between these two objects. This idea is present in the work of Nikolaev [17] [18] [19] , who in [18] makes some precise conjectures concerning generators of the Hilbert class field of a real quadratic field.
Defining Line Bundles over Quantum Tori
Let L ⊆ R be a pseudolattice, and let Z L denote the associated Quantum Torus. Our aim is to define the notion of a line bundle over Z L . The classical definition is given as follows: Definition 2.1. Let X be a topological space. A complex line bundle L over X is a topological space L equipped with a projection
When we try to apply this definition to Quantum Tori, we run in to problems when we try to impose the second criterion due to the fact that Z L is not Hausdorff.
In the following section we discuss various characterisations of line bundles over Complex Tori, and use these to motivate an analogous definition for line bundles over Quantum Tori in terms of cocycles. We show in §2.2 that this does indeed give rise to a nontrivial definition of line bundle.
Line Bundles over Complex Tori
Let Λ denote a complex lattice, so X Λ := C/Λ is a Complex Torus isomorphic to an elliptic curve E Λ . The torus X Λ admits nontrivial line bundles, and it is possible to define a notion of isomorphism between line bundles. If L is a line bundle over X Λ , we let [L] denote the isomorphism class of L. It can be shown that the set of such classes forms a group which we denote by Pic(X Λ ). The group law is given by the tensor product
Through the theory of Cartier Divisors, we can identify a line bundle L over X Λ with an element of the group Z 1 (X, O * X Λ ) of 1-cocycles 2 [16] . It is through this identification that line bundles are sometimes referred to as invertible sheaves. Isomorphic line bundles differ by a coboundary in
The natural projection
allows us to pull back line bundles over X Λ to line bundles over C. Given a line bundle M over X Λ its pullback to one on C is trivial, 3 so there exists an isomorphism
Let H * denote the multiplicative group of nowhere vanishing holomorphic functions on C. The trivial action of Λ on M pulls back to an action on C × C given by
for some function A λ ∈ H * . The condition that Λ acts on the trivial line bundle implies that A λ (v) satisfies the cocycle condition:
This implies that we can view A λ (v) as an element of the group of 1-cocycles with coefficients in H * , which we denote by Z 1 (Λ, H * ).
The homology group H 1 (Λ, H * ) is defined to be the quotient
is a functor which assigns to each open subset U of XΛ the ring of nonvanishing C-valued functions on U .
3 A line bundle M over X is trivial if there exists an isomorphism M ∼ = X × C.
where B 1 (Λ, H * ) is the subgroup of Z 1 (Λ, H * ) of those A λ (v) such that there exists h ∈ H * such that
for all v ∈ C. Such an element is called a coboundary.
If we change the isomorphism χ by a nowhere vanishing holomorphic function, then the image of a line bundle L in H 1 (Λ, H * ) remains the same.
Conversely, given a 1-cocycle A λ (v) with coefficients in H * the quotient of C × C by the action of Λ in (1) describes a line bundle over X. This yields an isomorphism Pic(X Λ ) ∼ = H 1 (Λ, H * ).
Line Bundles over Quantum Tori
Given a complex torus X Λ := C/Λ we have two descriptions of line bundles in terms of cohomology:
• A line bundle L over X Λ can be represented by an element of
• A line bundle L over X Λ can be represented by an element of Z 1 (Λ, H * ).
This suggests two possible definitions for line bundles over a Quantum Torus
The first of these definitions yields only trivial line bundles. An element of
) assigns to each z ∈ Z L a nonvanishing holomorphic function on some open neighbourhood U of z. This statement does not make sense because we have no complex structure on Z L so we cannot talk about holomorphic functions on it. We could get around this problem by allowing the restriction of holomorphic functions to open subsets of Z L , but since the only such subsets are the whole of Z L and the empty set we only obtain constant functions. 
where l = aω 1 + bω 2 . I claim that the function A l (v) is a 1-cocycle. Suppose
We now show that the class of this function on H 1 (L, H * ) is nontrivial.
Suppose A l (v) does represent a trivial line bundle. Then there exists h ∈ H * such that
Since h is nonvanishing we may write h(v) = e πig(v) for some holomorphic function g(v) which satisfies the following periodicity relations
for some m ∈ Z. Define the holomorphic function k(v) := g(v)−2mv/ω 1 , which satisfies the following periodicity conditions:
Suppose such a function existed. Consider the continued fraction expansion of θ := ω 2 /ω 1 , and let p n /q n be the convergents (see [3] ). Then the sequence q n → ∞, but
as n → ∞. Consider the sequence x n = p n ω 1 − q n ω 2 . By the continuity of k, and (5) we have k(x n ) → k(0). Hence by (4) we obtain
The last line is obtained by using (4) to note that for d ∈ N we have
and hence
The expression in the final line of (6) tends to ∞ as n → ∞, which is a contradiction.
Hence A l (v) represents a nontrivial line bundle.
Note that the techniques we used to prove the nonexistence of a nonconstant coboundary function are very different from the ones used for the Complex Torus. For Complex Tori the main tool used for this purpose is Louisville's Theorem which implies that every bounded 2-periodic function is constant. When considering the analogous situation for Quantum Tori our main tool is the following: This has an obvious corollary:
Suppose there exists a holomorphic functionf : C → C which interpolates f on L. Thenf is unique.
Proof. Suppose there existed two such functionsf 1 andf 2 . Then their difference F would be a holomorphic function with zeros at every ω ∈ L. Since L is dense in R every element of R is an accumulation point of zeros of F .
This distinction between the theory used for Complex and Quantum Tori suggests that there is no reason a priori to expect any relationship between the cohomology groups H 1 (L, H * ) and H 1 (Λ, H * ) where L is a pseudolattice and Λ a complex lattice.
The Appel-Humbert Theorem for Quantum Tori
The goal of this section is to prove a structure result for H 1 (L, H * ). For Complex Tori this is achieved by the Appel-Humbert Theorem [7] , which classifies isomorphism classes of line bundles by a hermitian form and a semi-character. The main result we prove is Theorem 3.18 which proves a similar result characterising isomorphism classes of line bundles in terms of alternating forms and semi-character.
The Chern Class of a Line Bundle
We now introduce the notion of the Chern class of a line bundle. The cohomology group H 1 (L, H * ) is one of a family of such groups H i (L, H * ) where the index i ranges over the natural numbers. The general construction of these groups is a routine operation in cohomology theory [9] , and can be applied to any situation where we have a group G, and a G-module M . In our case the group L acts on H * by translation
The Chern class of a line bundle can be viewed as an element of the cohomology group H 2 (L, H * ). The starting point for its construction is the following exact sequence of L-modules:
where the action on Z is trivial and the action on H is defined as in (7) . The cohomology theory implies that we have a long exact sequence, involving the cohomology groups of these modules. The connecting map is one map in this sequence and supplies a homomorphism
The map ∂ can be defined on cocycles, and shown to map coboundaries to coboundaries. We let∂ denote the map on cocycles which induces the map ∂ on cohomology groups. A line bundle L is given by a cocycle
The cohomology theory provides us with an explicit formula for the image of 
for some v ∈ C. This is well defined since the cocycle condition satisfied by A l (v) implies that this is independent of the choice of v.
Define a map
where α(P ) is defined by
This induces a well defined map (also denoted by
The composition of∂ with α establishes a homomorphism
where [ ] denotes the cohomology class of the appropriate cocycle. An explicit expression for this map is given by (Theorem 2.1.
where we recall that for each l ∈ L, a(l, v) is the holomorphic function such that A l (v) = e 2πia(l,v) . Analysing this map in more detail will enable us to probe the structure of H 1 (L, L). In the following sections we examine the image and kernel of Ch.
Surjectivity of Ch
In this section we study the image of the homomorphism Ch defined in (8) . We will prove the following result:
Proof. The proof relies on the construction of elements of Z 1 (L, H * ) which are similar to that introduced in the proof of Proposition 2.3.
We first observe that we have an isomorphism Alt
is determined by a skew-symmetric 2 × 2 matrix S η with integral coefficients. Such a matrix has the form
for some s η ∈ Z. The form η is determined by S η in the following way:
The assignment η → s η gives a bijection between Alt 2 (L, Z) and Z.
where l = aω 1 + bω 2 . By a similar calculation to (2) we find thatσ(η) l (v) ∈ Z 1 (L, H * ), and hence we can define
By the definition above we haveσ(η) l (v) = e 2πiΣη (l,v) where
We calculate Ch(σ(η)) using (9) . Let
In the previous section we showed that the homomorphism Ch : (8) is surjective. We showed furthermore that we have a
such that Ch • σ is the identity on Alt 2 (L, Z). The significance of this result is apparent when we observe that if K denotes the kernel of Ch, then we have a split exact sequence
We can then apply the theory of split exact sequences to give a description of
Traditionally the kernel of the Chern map is given the following definition:
Proposition 2.2.2 of [7] shows that every line bundle with trivial Chern class over a Complex Torus can be represented by a cocycle which is constant. We use the same techniques to prove the analogous result for line bundles over Quantum Tori.
Proof. The proof of this result involves unravelling the definition of the map
The image of A l under the map∂ :
for every v ∈ C and for all
The second line follows from (12) by putting l 1 = 0, l 2 = l. Using these same substitutions in (13) , together with v = 0 yields the final line. This is valid since (13) is independent of v. Put
is independent of v and lies in the same cohomology class as A l (v).
for some non vanishing holomorphic function h. This defines a homomorphism
We aim to show that C is in fact an isomorphism of Pic 0 (Z L ) on to Hom(L, U (1)) where U (1) = {z ∈ C * : |z| = 1. Our first task is to show that the image of C lies within Hom(L, U (1)). We will need the following lemma: Lemma 3.6. Let θ ∈ R be greater than 1, and let p + n /q + n and p − n /q − n denote the convergents in the continued fraction of θ and −θ respectively -see chapter 14 of [3] for an account of the theory of continued fractions. Then as n → ∞:
Proof. Let x ∈ R. The continued fraction expansion for x is given by an infinite sequence [a 0 , a 1 , a 2 , a 3 . . .], of which all the a i > 0 with perhaps the exception of a 0 . The recursion formula's for p n and q n read:
p n = a n p n−1 + p n−2 , q n = a n q n−1 + q n−2 .
The first few terms are given by:
where a 0 is defined to be ⌊x⌋. Because all the a i are positive for i > 0, if p m (q m ) and p m+1 (q m+1 ) are the same parity for some m, all subsequent terms will be of that parity. From this it follows that q n is always positive. Now take the case θ > 1. Then it is clear that all the terms p + n are positive. We have −θ < −1, and hence p − 0 ≤ −2. The following inequality holds
Using the recurrence relations, since all the p n are of the same parity:
Suppose we have equality, then a n = 1 and p n = p n−1 . But then
Hence |p n | → ∞. Exactly the same argument works for q n , and the case for d ± n follows from the algebra of limits.
To consider the limit of the sequence e − n we note that the fractions p − n /q − n tend to −θ < −1. Hence there exists N such that for all n > N we have p − n < −q − n , and hence e − n < 0. Since all subsequent values of e − n are of the same parity, the above argument implies that |e − n | → ∞.
Using this result we are able to prove the following:
Since this represents the trivial element of H 1 (L, H) there exists a vanishing holomorphic function h such that
We will show that |φ(l)| = 1 for all l ∈ L. If L = Zω 1 + Zω 2 then note that this is equivalent to showing that φ(ω 1 ), φ(ω 2 ) ∈ U (1). Without loss of generality we may assume that
With the notation of Lemma 3.6 we let p + n , q + n denote the convergents in the continued fraction expansion for θ = ω 2 /ω 1 , and p − n , q − n the corresponding integers for −θ. Using the Corollary to the proof of Theorem 1.4.7 of [3] we have
Hence by Lemma 3.6 the sequence p + n ω 1 − q + n ω 2 tends to 0 as n → ∞. In a similar way one can show that p − n ω 1 + q − n ω 2 tends to 0 as n → ∞.
We will show that φ(ω 1 ), φ(ω 2 ) ∈ U (1) by showing that every other possibility cannot occur. In each case we assume the existence of a nonvanishing holomorphic function h satisfying (15) and deduce a contradiction.
n → ∞,and |φ(ω 2 )| > 1 the right hand side tends to infinity contradicting that h is holomorphic.
Suppose |φ(ω
, and ψ satisfies |ψ(ω 1 )| > |ψ(ω 2 )| > 1. By step 1 above no such f (and hence h) can exist.
3. Suppose |φ(ω 1 )| > 1 > |φ(ω 2 )|. Define a sequence a n by a n = p − n ω 1 +q − n ω 2 . Then |φ(ω 1 )| , |φ(−ω 2 )| > η > 1 for some η, and we have |φ(ω 1 )| = ξη and |φ(−ω 2 )| = µη for some ξ, µ > 1. Then
Since all the terms η, ξ and ξµ are greater than 1, and all the exponents tend to −∞, this limit is equal to 0, contradicting the assumption that h is nonvanishing.
, and ψ satisfies |φ(ω 1 )| > 1 > |φ(ω 2 )|. By step 3 above no such f (and hence h) can exist.
Since d + n → ∞ and |φ(ω 2 )| < 1, the right hand side tends to zero. This contradicts that fact that h is non vanishing.
, and ψ satisfies 1 > |φ(ω 1 )| > |φ(ω 2 )|. By step 5 above no such f (and hence h) can exist.
7. Suppose φ(ω 1 ) = 1. Then let a n = p + n ω 1 − q + n ω 2 . Then
If |φ(ω 2 )| > 1, then the right hand side tends to 0 as n → ∞. If |φ(ω 2 )| < 1, the right hand side tends to infinity. In both cases we reach a contradiction.
If |φ(ω 1 )| > 1, then the right hand side tends to infinity as n → ∞. If |φ(ω 1 )| < 1, the right hand side tends to 0. In both cases we reach a contradiction.
The only possibility left is that |φ(ω 1 )| = |φ(ω 2 )| = 1.
Our aim is to show that this is an isomorphism. Observe that we have a homomorphism
where p is constant in v. By the proof of Lemma 3.5,
Then by the proof of Proposition 3.5
Proof. Lemmas 3.8 and 3.9 assert that the homomorphism
Corollary 3.11. We have a split short exact sequence
Proof. The exactness follows from Propositions 3.3 and 3.10. That the sequence is split follows from the existence and properties of the map σ : Alt 
, whereσ is as defined in (11) .
Proof. This follows from Corollary 3.11 and the theory of split exact sequences. See Chapter III §3 Proposition 3.2 of [8] .
3.4 The Appel-Humbert Theorem for Quantum Tori Definition 3.13. Given a pseudolattice L, let P (L) denote the set of pairs (E, χ) such that
We say that χ is a semi-character for E. P (L) becomes a group with the law of composition
Note that P (L) forms part of a short exact sequence
where α(µ) = (0, µ) and β(E, χ) = E.
Proposition 3.14. There exists a homomorphism
Proof. By Theorem 3.12 we can represent each line bundle L uniquely as a representative of the form
where χ η (aω 1 + bω 2 ) := e πisηab . This is well defined since if l 1 = aω 1 + bω 2 and
The penultimate line follows since bc ∈ Z, and so e πibc = e −πibc .
The property that φ is a homomorphism follows immediately from the observation that if L and M are line bundles whose isomorphism classes are represented by the cocycles
Hence we have the following diagram,which at present we do not know is commutative:
If we can prove this is a commutative diagram we can apply the snake lemma to show that φ is an isomorphism. 
, where η 0 denotes the element of Alt 2 (L, Z) which maps every element to 0. Hence φ(µ) = (0, µ) = α(µ).
Lemma 3.16. We have a commutative triangle
Proof. By Theorem 3.12, we may represent the isomorphism class of a line bundle L uniquely by a cocycle of the form
Corollary 3.17. We have a commutative diagram with exact rows:
Proof. This follows from the application of the snake lemma [8] to the commutative diagram in Corollary 3.17
Geometric Line Bundles and the Heisenberg Group
So far we have viewed line bundles L over a Quantum Torus Z L as elements of a certain group of cocycles. We have shown that this yields a nontrivial notion of line bundles where the classical one of Definition 2.1 fails due to the non-Hausdorff nature of Quantum Tori. Whereas this is a perfectly satisfactory definition, it is difficult to reconcile this abstract definition with the idea that line bundles are topological objects. The subject of this section is to show that we can view L as a topological space. We see that this leads to the study of objects which we may not have considered had we thought of line bundles solely as cocycles.
Line Bundles and Pull Backs
Before we consider the problem of defining a line bundle over a Quantum Torus as a topological space, we note a few facts concerning line bundles over Hausdorff spaces.
Given a morphism f : X → Y of topological spaces, and a line bundle π L : L → Y we can define the pullback of L by f to obtain a line bundle f * (L) over X. In the context of category theory the object f * (L) is the pullback of the following diagram L
However, an explicit definition for f * (L) is given by [6] :
The
The pullback has the following universal property:
Let ϕ : M → L be any morphism of line bundles over f : X → Y . Then there exists a unique morphism of line bundlesφ : M → f * (L).
The morphismφ can be computed explicitly when we use the description of
Recall that given a Quantum Torus Z L we have a natural projection
The underlying philosophy in our approach is to define a topological space L together with a projection π L such that the pullback of the following diagram gives line bundle (which is necessarily trivial) on R:
It is not immediately clear how we should do this. In the next section we look for another characterisation of this property in terms of the Heisenberg Group.
The Heisenberg Group
Suppose X is a topological space endowed with a group law +. Given x ∈ X we have a natural "translation by x" map
is fundamental in defining the Heisenberg Group associated to a line bundle L over a topological space X.
Definition 4.2 (Heisenberg Group)
. Let π L : L → X be a line bundle over a topological group X. The Heisenberg Group H(L) of L, is defined to be the set of pairs (x, φ) such that
Given a line bundle L over X, an alternative representation of the group H(L) is given by:
Proposition 4.3. As a set H(L) is in bijection with the set of those automorphisms of L lying over T x for some x ∈ K(L). In this representation elements of H(L) are given by pairs
The law of composition is given by
Proof. See Remark 6.1.2 of [2] .
The Heisenberg group can be viewed as part of a short exact sequence:
There is an exact sequence
The image of C * in H(L) lies in the centre of H(L).

Proposition 4.4 establishes that H(L) is a central extension of K(L).
According to the theory of such extensions we have an alternating pairing K(L):
2 ), where g i = (x i , φ i ) for some isomorphism φ i such that g i ∈ H(L).
Topological Line Bundles over Quantum Tori
In this section we shall see how for Hausdorff spaces, the Heisenberg group can be used to characterise those line bundles over a space X which arise as pullbacks of line bundles over a space Y . We will use this idea to define line bundles over Quantum Tori as topological spaces.
Our starting point is the following result: This bijection is realised in the following way. Write H = ker(f ). Then it is easily shown that given an action of H on L compatible with the natural action of H on X by translation, the quotient L/H determines a line bundle M over Y with the required properties. Conversely such an M defines such an action.
The Quantum Torus is not an abelian variety, but we apply the philosophy supplied by Proposition 4.6. Our natural response is to consider the map π : R → Z L in this context, which would lead to a study of homomorphisms L → H(L) for line bundles L over R. However, in light of our previous definition of line bundles using cocycles we will modify this slightly.
The motivation for the approach to line bundles in terms of cocycles came from the theory of line bundles over Complex Tori outlined in §2.1. Examining these objects led us to define line bundles in terms of cohomology. However, the cohomological description of line bundles over a complex torus X Λ characterises a specific class of line bundles. The class of bundles characterised by the group Z 1 (Λ, H * ) are said to be holomorphic, due to the existence of holomorphic sections of the line bundle.
One approach in defining holomorphic line bundles on Quantum Tori as topological spaces, would be to say that their pullback to R should be isomorphic to a holomorphic line bundle over R. However, given that R has no complex structure this idea seems nonsensical. However, we avoid this problem by making the following definition: Definition 4.7. A holomorphic line bundle on R is a line bundle π L : L → R such that there exists a holomorphic line bundle M on C such
Morphisms between holomorphic line bundles on R are the restrictions of morphisms between such line bundles on C.
By this definition, holomorphic line bundles over R are essentially the same as holomorphic line bundles over C. However, all such line bundles over C are trivial -they are isomorphic to T := C × C. The projection π T is the projection on to the first factor.
Lemma 4.8. As a set, H(T ) is in bijection with
Proof. Since every line bundle over C is isomorphic to T , K(T ) = C. Using the description of H(L) given by Proposition 4.3, if x ∈ K(T ) we would like to establish those automorphisms φ : T → T which lie over T x . We represent an element of T by (v, z) ∈ C × C. Suppose φ is such an isomorphism, and that
for some functions φ 1 , φ 2 : C × C → C. The condition that φ lies over T x implies that
Hence T x (v) = φ 1 (v, z). The condition that φ is an isomorphism of line bundles implies that φ 2 (v, z) = A(v)z for some A(v) ∈ C * . The condition that T is a holomorphic line bundle implies that the association v → A(v) is a holomorphic function. 
where p is as in Proposition 4.4. By Lemma 4.8 every such morphism is of the form l → (l, A l (v)) for some A l (v) ∈ H * . This defines an action of L on T by
As a topological space, we define L to be the quotient of T by this action and write
Using this description of H(T ) we see that the previous notion of line bundles over Quantum Tori in terms of cohomology, and the topological one of Definition 4.9 are the same: Proof. Let L be a topological line bundle. Then we have a homomorphism (19) commutes implies that l = x l , and the condition that q is a homomorphism implies that
This shows that A l ∈ Z 1 (L, H * ), and represents a line bundle over Z L .
Conversely, if
where the isomorphism A l (v) is multiplication by A l (v) ∈ C * on each fibre over v ∈ C. This represents a topological line bundle over Z L .
We defined the notion of isomorphism between line bundles abstractly in terms of their image in the cohomology group H 1 (L, H * ). Removing the local conditions from the classical notion of morphism between line bundles we can attempt to define what an isomorphism between topological line bundles is:
which is linear on each fibre and such that the following diagram commutes
and pulls back to an isomorphism of holomorphic line bundles over C. 
The commutativity condition
The condition that φ is a linear isomorphism on fibres implies that φ 2 (v, z) = Φ(v)z for some function Φ, and condition the isomorphism pulls back to one of holomorphic line bundles over C implies that Φ ∈ H * . Let [v, z] ∈ L 1 , and pick l ∈ L. Then for φ to be well defined we require that
The Pull back of 1-morphisms
Given a morphism f : X → Y of topological spaces, we can define the pullback of a line bundle over Y to obtain one over X. We used this as the motivation for our definition of topological line bundles over Quantum Tori in the case where X was equal to R. In [27] , we classified those continuous maps between Quantum Tori: Definition 4.13. Let Z L and Z M be quantum tori. An α-morphism between Z L and Z M is a continuous map g : R → R such that
For a certain class of such morphisms we can define the pullback of a line bundle over a Quantum Torus: Definition 4.14. Let f : R → R be a continuous 1-morphism between Quantum Tori Z L 1 and Z L 2 . Let L be a line bundle over Z L 2 corresponding to a factor of automorphy A l (v) ∈ Z 1 (L, H * ). Then the pullback f * (L) of L with respect to f is defined to be the line bundle corresponding to the cocycle
Note that the condition that f is a 1-morphism, and that f is continuous implies that f is necessarily translation by an element in R. Conversely, given any x ∈ Z L , the translation map
L and Ch(L)
We have now defined line bundles over Quantum Tori from two different perspectives. The approach first taken was to draw on results concerning line bundles over Complex Tori to derive a nontrivial definition for line bundles over Quantum Tori. Using this definition we were able to prove a structure theorem for isomorphism classes of line bundles over Quantum Tori using the Chern class. In §4 we gave a topological definition of a line bundle over a Quantum Torus using the Heisenberg Group. This gave rise to the definitions of the group K(L) and an alternating pairing e L .
The purpose of this section is to reconcile these ideas. Theorem 5.7 is the main result of this section, describing the relationship between the objects Ch(L), K(L) and e L associated to a line bundle L over a Quantum Torus.
An alternating pairing on Λ(L)
In this section we go part of the way in describing the link between Ch(L) and e L , describing in Proposition 5.6 the pairing e L in terms of the cohomology theory of L.
We begin by giving a description of K(L) in the language of cocycles:
Proof. Let L be a line bundle with factor of automorphy A l (v). By Proposition 4.12, x ∈ K(L) if and only if there existsx ∈ π −1 (x) such that
This set is independent of the choice forx. Ifx ′ is another element of C such that π(x ′ ) = x thenx ′ −x = l ′ ∈ L, and we have
This motivates the following definition:
So givenx ∈ Λ(L), we obtain a coboundary representing an isomorphism L ∼ = T π(x) (L). In order to show that this is unique we will need the following lemma:
Lemma 5.3. Suppose g and h are holomorphic functions such that
Proof. If the above relation holds we have
The right hand side is independent of l so the left hand side is. Since L is dense in R, the function f (v) := g(v)h(v) −1 is therefore constant on the real axis, and since it is holomorphic therefore constant on C.
there exists a unique nonvanishing holomorphic function hx such that hx(0) = 1 and
Definition 5.5. Fix v ∈ C and a line bundle L over a Quantum Torus Z L . Define a pairing on Λ(L) by
Define an action of L onĤ(L) by
It is easily seen that this construction yields an isomorphism
The group law in this representation is given by
Using this description of H(L) we can describe the relationship between e L and the pairing on Λ(L) of Definition 5.5:
Proof. Firstly note that by the definition of the group law we have
.
Note that since the left hand side is independent of v, the right hand side is.
The relationship between K(L) and Ch(L)
In the theory of Complex Tori, given a line bundle M over a torus X Λ it is shown that a certain group K(M) (analogous to the group we have defined for Quantum Tori) is either finite, or the whole of M. The proof of this result relies on the fact that torus X Λ can be viewed as a complete projective variety, and that the corresponding pairing e M is a morphism of projective varieties.
The aim of this section is to prove the following:
Theorem 5.7. Let L be a line bundle over a Quantum Torus Z L . Then there are two possibilities:
for some s η ∈ Z. We have an isomorphism
The following statements are equivalent:
(a) Ch(L) = 0;
(c) e L ≡ 1.
Proof of part 1:
Suppose that Ch(L) = η is nontrivial. I first claim that it suffices to only consider those line bundles represented by the cocyclesσ(η) l (v) defined in (11) . Clearly if L 1 and L 2 are isomorphic line bundles then K(L 1 ) = K(L 2 ). By Theorem 3.12 it suffices to only consider those line bundles represented by cocycles of the form
for somex ∈ C such that π(x) = x. But this occurs if and only if
which is precisely the condition that x ∈ K(L 1 ).
. By the previous discussion we assume that L is represented by the cocyleσ l (v). If x = π(x) ∈ K(L) then there exists a unique hx ∈ H * such that hx(0) = 1 and
However, explicit calculation shows that
where l = aω 1 + bω 2 ∈ L. This latter expression is independent of v.
There exists a holomorphic function Hx such that hx(v) = e 2πiHx(v) . By (21) , for all l ∈ L, Hx(v + l) − Hx(v) is a holomorphic function independent of v, and by continuity is constant on lines of constant imaginary part. Differentiating once with respect to v we see that
x is a holomorphic function which is constant on lines of constant imaginary part, and therefore constant everywhere. Hence there exist constants k(x) and c(x) such that
Since we are only concerned with the quotient hx(v + l)hx(v) −1 we assume without loss of generality that c(x) = 0, and hence
Now we compute
Equating this last expression with that of (21) we obtain
Note that the right hand side is dependent on a, whereas the left hand side is not. Since this equality holds for all a ∈ Z we therefore have k(x) ∈ Z. We deduce that s η bx ∈ Z(aω 1 + bω 2 ) + Zω 1 .
This holds for all a, b ∈ Z, and hence s ηx ∈ L.
Conversely, if s ηx ∈ L, then we havẽ
βv .
Hence Λ(L) ∼ = 
and therefore
we must have η = 0. Hence L is represented by a cocycle of the form
for some µ ∈ Hom(L, U (1)) and h ∈ H * . We see that forx ∈ R
From this it follows that
Using the explicit formula for H v (x 1 ,x 2 ) in Definition 5.5 we have
Observe that this is symmetric inx 1 , andx 2 , and hence by Proposition 5.6 we find that e L (x 1 ,x 2 ) = 1.
2c ⇒ 2a: Suppose e L ≡ 1, and assume that Ch(L) = 0. Then s η = 0, and by the results of part 1 we have Ch(L)(ω 1 /s η , ω 2 /s η ) = 1/s η , and hence e L (ω 1 /s η , ω 2 /s η ) = e −2πi/sη = 1. This is a contradiction, and hence we must have Ch(L) = 0. 
Proof. By Proposition 5.6 we have
= e 2πiCh(L)(x 1 ,x 2 ) .
Other approaches to Quantum Tori
Our study is motivated with a view to exploring the potential of Quantum Tori to solve a specific problem in number theory -Hilbert's twelfth problem for Real Quadratic Fields. This idea was originally formulated by Manin in [12] , who drew on successes in in the field of Noncommutative Geometry to provide a basis for his proposed theory of Real Multiplication. Manin's paper has sparked considerable research in to Noncommutative Tori, and it is the purpose of this section introduce two aspects of this research and indicate how they relate to our studies.
Our discussion of line bundles over Quantum Tori has not been the first proposal of a notion of vector bundles over such Noncommutative spaces. A motivation for the philosophy behind Noncommutative Geometry was the classification of isomorphism classes of vector bundles over a compact Hausdorff space X as finitely generated projective right C(X)-modules. These can be viewed as elements of the K-group of the C*-algebra C(X), a concept which one can associate to both commutative and noncommutative C*-algebras. Hence through Noncommutative Geometry, we define vector bundles over the Noncommutative Torus A θ to be finitely generated projective right A θ -modules. This is the stance taken by Schwarz in [22] . For a Noncommutative Torus A θ , he defines a finitely generated projective right A θ -module E in terms of the Schwartz functions on R. For each choice of τ ∈ H, there is a choice of holomorphic structure on E, and a unique holomorphic element of E corresponding to this structure. This unique element is called a holomorphic theta vector.
Schwarz's construction can be applied to Complex Tori too, and in this case he exhibits the relationship between the holomorphic theta vectors, and the standard theta functions over such Tori. In [4] , Chang-Young and Kim describe the relationship between theta vectors of Noncommutative Tori, and a quantum theta function discussed by Manin in [12] . These quantum theta functions are related to the zeta functions studied by H.Stark in [23] when he formulated a series of conjectures concerning Hilbert's twelfth problem. We will discuss how theta functions arise from our development of line bundles, and Stark's conjectures in [25] .
Quantum Tori have been studied from a Model Theoretic viewpoint by Zilber in a series of lectures and studies [28] [29] [30] . His work has shown that Quantum Tori can be defined in a class of structures known as Analytic-Zariski structures, which represent a variation to structures arising from the Zariski topology on an algebraic curve. In §6.1 we examine the possibility that the objects we have studied in the previous sections are definable in such a structure.
Several results in our work hint at a deep relationship between Quantum Tori and elliptic curves. This is not an original observation, and the notion of a duality between Complex and Noncommutative Tori has been studied by both Manin and Nikolaev. In §6.2 we look at how our results indicate the existence of such a relationship, and refer to the work of Nikolaev who has studied this relationship.
Line Bundles in Model Theory
Throughout our development of line bundles over Quantum Tori, the theory of Complex Tori has been a guiding star. It was a description of line bundles over such tori in terms of cohomology which formed the basis of our description for line bundles over Quantum Tori. By the Uniformization Theorem, Complex Tori can be viewed as algebraic curves, and the theory of line bundles over these objects is closely linked to this fact.
If X Λ is a complex torus, it is the existence of an integral valued alternating form on the lattice Λ that ensures the existence of "very ample" line bundles over X Λ . Fundamentally, it is the existence of these line bundles that imply that X Λ can be viewed as an algebraic variety.
Given a Quantum Torus Z L it is possible to define an integral valued alternating form on the pseudolattice L given by the Chern class. We may postulate that this assures us of the existence of "very ample line bundles over Z L ". It is this fact that has allowed us to define many objects associated to Quantum Tori, which are normally associated to abelian varieties. Although Quantum Tori are not algebraic varieties, through the work of Zilber they can be defined in a class of structures called Analytic-Zariski structures.
Consider a structure in the context of mathematical logic. By adding further axioms to the basic ones outlined in [27] , we obtain more specialised structures. A Zariski structure is such a specialised structure, introduced and studied by Zilber and Hrushovski. They introduce additional set theoretic axioms, which aim to characterise the Zariski topology on an algebraic curve and are satisfied by the usual Zariski structure on an algebraic variety. Adding a further condition to the Zariski axioms they showed in [5] that such a Zariski structure is indeed isomorphic to the Zariski structure of some curve over an algebraically closed field.
We may hope that the Quantum Torus Z L lies in a Zariski structure, and hence we can be able to realise it as an algebraic object. However the Quantum Torus fails to satisfy some of the appropriate axioms. In [29] , Zilber introduces the notion of an Analytic-Zariski structure, in which some of the axioms for Zariski structures are modified, and some new axioms are present. These structures, despite not being isomorphic to structures over algebraic curves may still have properties we commonly associate to algebraic varieties. For example we can talk of compact, complete and irreducible Analytic-Zariski structures. The Quantum Torus (or a group which is isomorphic to it) is definable in an Analytic-Zariski structure, and is compact and complete.
An important concept in model theory is that of stability: Definition 6.1 (Stable Theory). Let T be a complete theory in a countable language, and let κ be an infinite cardinal. We say that T is κ-stable if whenever M |= T , A ⊆ M and |A| = κ then S M n = κ.
Given a structure M, we say that M is κ-stable if its theory is. The following result attributed to Shelah shows that we have a trichotomy: Proposition 6.2 (Theorem 4.5.48 of [14] ). If T is a complete theory in a countable language, then one of the following holds:
1. there are no cardinals κ such that T is κ-stable;
T is stable for all
In the first case we say that T is unstable, otherwise we say it is stable. If T satisfies condition 2 we say that T is superstable.
Every ℵ 0 -stable theory is superstable, but there exists superstable theories which are not ℵ 0 -stable, and stable theories which are not superstable. In this context, superstability can be viewed as a weakening of the property of ℵ 0 -stability.
This model theoretic concept associated to a structure is conjectured to have strong links to the topological nature of the structure. For example, it is conjectured [10] that all simple ℵ 0 -stable groups arise from the Zariski-structure on an algebraic variety. In [30] Zilber conjectures that a structure associated to Z L is superstable, which is a weakening of the notion of ℵ 0 -stability which algebraic varieties are known to satisfy.
The structure considered by Zilber is the two sorted structure
where
It is shown in [30] that that the quotient C/A θ is isomorphic to the Kronecker foliation of the torus T 2 θ . Provided a conjecture in transcendence theory (known as Schanuel's conjecture) holds, the theory of this structure is superstable. Although we know that this structure is not isomorphic to a Zariski structure over an algebraic curve, its stability theory suggests that the theory of this structure may contain some of the characteristics we associate to algebraic varieties. Indeed, Zilber has proved that this structure is both compact and complete.
The approach supplied by Model Theory provides a philosophy that may be invaluable when tackling the problem of Real Multiplication. In Complex Multiplication we use torsion points on an algebraic variety (an elliptic curve) to generate abelian extensions of imaginary quadratic fields. Although it is not possible to achieve this for Real Multiplication, Zilber's approach may provide a category (of Analytic-Zariski structures) in which to look for the objects which could potentially provide solutions to Hilbert's Problem.
Definability of e s
For a line bundle over a Complex Torus X Λ = C/Λ, we have an analogous theory to that developed for Quantum Tori. For each line bundle M over X Λ we obtain a subgroup K(M) of X Λ and an alternating pairing
The group K(M) is an algebraic subvariety of X Λ , and the pairing e M is a morphism of algebraic varieties.
As mentioned above, Zilber has identified a category which may serve as an analogy for that of algebraic varieties for the purpose of Real Multiplicationthat of Analytic-Zariski structures. We would like to discuss whether the objects K(L) and e L associated to line bundles over Quantum Tori are definable in such a structure.
We can view a Quantum Torus with parameter θ as a definable subgroup of the structure defined in (22) via the map
where G θ := exp(A θ ). Throughout this rest of this section, we identify K(L) with its image under E. As a consequence of Theorem 5.7 we obtain the following result, which is a promising start to viewing the pairing e L as a definable function in an Analytic-Zariski structure: Proof. We consider the cases s = 0 and s = 0 separately. In the case when s = 0, by part 1 of Theorem 5.7 we have Λ(L) ∼ = {x ∈ C * : x s ∈ G θ }.
K(L) is the quotient of this by G θ , and hence a definable subset of the structure (C * , G θ , .).
If s = 0, by part 2 of Theorem 5.7 we have K(L) ∼ = T θ = C * /G θ , which is an Analytic-Zariski structure by Zilber's study (modulo Schanuel's conjecture). Unfortunately, this is the limit to the extent we can achieve our goal of defining the pairing e L in an Analytic-Zariski structure at present. The graph of e L is not definable in any of the structures that Zilber considers in [28] , [29] and [30] . In order to acquire a structure in which the graph of e L is definable, it would be desirable to have a log-function between C * and C. It is unknown whether the addition of this function to any of Zilber's structures would alter the stability of such a structure. We do mention that in [30] , Zilber defines a "random logarithm" from C * to e 2πθZ where the resulting structure is unstable.
A Duality between Elliptic Curves and Quantum Tori
In this section we describe how our results suggest the existence of a relationship between Quantum and Complex Tori. The first of these we consider is Theorem 3.18, which provides an analogue of the Appel-Humbert Theorem for Quantum Tori. We consider the corresponding result for Complex Tori: where E = ℑH is an R-bilinear alternating form on C. 4 The set P (Λ) of pairs (H, χ) of such data form a group under the law of composition (H 1 , χ 1 )(H 2 , χ 2 ) = (H 1 + H 2 , χ 1 χ 2 ).
However, we note that a Hermitian form H is determined by the alternating form E := ℑ(H):
H(z, w) = E(iz, w) + iE(z, w).
So by the above result we may characterise isomorphism classes of line bundles over complex tori by pairs (E, χ) where E is an alternating form on Λ and χ satisfies (23) .
Let L and Λ be a pseudolattice and a complex lattice respectively, and suppose ψ is an isomorphism of additive groups Λ ∼ = L. Let χ : L → U (1) be a semi-character for E. This corresponds canonically to a semi-character for E with domain Λ given by ψ * (χ) = χ • ψ : Λ → U (1).
Proposition 6.5. We have an isomorphism H 1 (Λ, H * ) ∼ = H 1 (L, H * ).
Proof. If (E, χ) is the Appel-Humbert data for an element of H 1 (L, H * ), map this to (E, ψ * (χ)). Since ψ is an isomorphism this is an isomorphism.
We conclude that we have a bijection between isomorphism classes of line bundles over Quantum and Complex Tori. This is a surprising result, since as we remarked at the end of §2, the analytic techniques used when considering elements of Z 1 (L, H * ) are different from those used for line bundles over Complex Tori.
If we look closer at the proof of Theorem 5.7, we see that we have an even stronger result. Proposition 6.6. We have an isomorphism Z 1 (Λ, H * ) ∼ = Z 1 (L, H * ).
Proof. The proof shows that every element of Z 1 (L, H * ) is equal to
for some χ ∈ Hom(L, U (1)), η ∈ Alt 2 (L, Z) and h ∈ H * . Fix an isomorphism ψ : Λ ∼ = L. Then ψ * (χ) ∈ Hom(Λ, U (1)), ψ * (η) ∈ Alt 2 (Λ, Z). Define
Since ψ is an isomorphism, it follows that Φ is.
Hence we have a bijection, not just between isomorphism classes of line bundles of Quantum and Complex Tori, but between line bundles themselves. If we let Λ n = ω 1 Z + ω 2 z n Z be a sequence of lattices with z ∈ H tending to 1 as n → ∞, then Λ n → L as n → ∞. We can view line bundles over Quantum Tori as occurring as the limit of a sequence line bundles over the Complex Tori determined by the lattices Λ n . The idea that Quantum Tori can be viewed as limits of Complex Tori is an idea noted by Manin in [12] . We note that in [13] , Manin generalises the notion of the Heisenberg group to define line bundles over Noncommutative Tori. It would be interesting to investigate the relationship between this notion of line bundles and the one we have developed.
The connection between Quantum and Complex Tori has been investigated by Nikolaev in [19] . In his paper he describes a bijection between elliptic curves E τ associated to a lattice Λ τ = Z+τ Z with τ ∈ H, and pairs (A θ , ω) of Noncommutative Tori with parameter θ and positive functionals A θ → C of norm ω. This not only gives a relationship between Complex and Noncommutative tori, but also suggests that the arithmetic of certain complex and noncommutative tori may be linked. Indeed, he claims that this bijection yields Noncommutative Tori with Real Multiplication from elliptic curves with Complex Multiplication. In a later preprint [18] , he makes some precise conjectures concerning generators of the Hilbert class field of a real quadratic field. The determination of such generators would provide valuable insight in to the Real Multiplication analogue of the modular j-function.
Zilber's representation of the Quantum Torus also lends its self to the suggestion of a duality between Quantum and Complex Tori. Recall we have defined the group A θ = R(θ + i) + 2πZ + 2πiZ.
As remarked in §6, the quotient C/A θ is isomorphic to the Kronecker foliation of the torus with parameter θ, and hence to Z θ .
Alternatively, we note that
A θ = R(θ + i) + 2πZ + 2πθZ.
Hence the quotient C/A θ can be viewed as a "foliation of the Quantum Torus C/2πL θ " by the subgroup R(θ + i) + 2πL θ .
